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Formal Holomorphic Segre Equivalences in C4
Valentin Burcea
Abstract. There are presented two formal constructions of normal form type using Formal Holomorphic Segre Equivalences of a certain class of
real-formal hypersurfaces in C2. In particular, it concluded that their Formal Holomorphic Segre Equivalences are determined by their 1-jets.
1. Introduction and Main Result
Let M, N ⊂ CN+1 two real-formal hypersurfaces defined near 0 ∈ CN+1 as follows
(1.1) M : ρ1
(
Z,Z
)
= 0, N : ρ2
(
Z,Z
)
= 0.
We recall from Angle[1] that any (Formal) Holomorphic Segre Preserving Mapping between M and N is defined as follows
(1.2) H : C2N+2 → C2N+2 such that H (Z, ζ) =
(
H (Z) , H˜ (ζ)
)
,
where H, H˜ : CN+1 → CN+1 are formal holomorphic mappings such that
(1.3) ρ2
(
H (Z) , H˜ (ζ)
)
= 0, for all (Z, ζ) ∈ C2N+2 such that ρ1 (Z, ζ) = 0.
Two (Formal) Holomorphic Segre Preserving Mappings H1, H2 defined as above are called to be determined by k-jets if
(1.4) Jk (H1) = J
k (H2)→H1 = H2,
where k ∈ N⋆ and Jk defines the k-jet in the corresponding formal expansion.
Our principal objective is to study the finite jet determination problem[12] for Invertible Formal Holomorphic Segre Preserving
Mappings[1],[17] defined between real-formal hypersurface in the complex space. Such mappings are called Formal Holomorphic Segre
Equivalences throughout this short note. It is shown the following:
Theorem 1.1. Let M ⊂ C2 be a real-formal hypersurface defined as follows
(1.5) Imw = (Rew)m0 L (z, z) +
∑
m+n+p≥k0+1
ϕmnpz
mzn (Rew)p , with ϕmn0 = 0 if m0 6= 0, for m+ n ≥ k0 + 1,
where L is a homogeneous polynomial of degree k0 −m0 ≥ 3, for given k0, m0 ∈ N. Then the Formal Holomorphic Segre Equivalences of M
are determined by their 1-jets.
The finite jet determination problem is a specific problem in the theory of the real submanifolds in complex spaces[2]. It defines a rigidity
property that may not generally hold. The example of the group of biholomorphisms of Levi-flat hypersurfaces shows the nontriviality of the
finite jet determination problem[6] in C2. We indicate the monography[2] for an extended introduction to this topic [7],[8],[12].
The Segre Holomorphic Preserving Mappings[1] are relatively new objects, which appear naturally in the study of the real submanifolds
in complex spaces[2]. Zhang[17] studied certain rigidity properties of the formal holomorphic Segre embeddings. Angle[1] proved that the finite
jet determination property[12] holds for such mappings defined between certain classes of real-analytic generic manifolds[2]. Actually, our result
may be alternatively concluded from Angle[1] for certain classes of real-analytic hypersurfaces.
Our methods are based on direct computations in the complexified local defining equations. According to our assumptions in (1.5), we
consider points of infinite type when m0 6= 0, and respectively points of finite type when m0 = 0. In the both cases, there are considered just
normal form type formal constructions recalling that the convergence of a normal form[10] does not generally occur. The formal normal forms
from Ebenfelt-Lamel-Zaitsev[7],[8], Zaitsev[15] are suggested for similar approaches in standard situations.
Our situation (1.5) is perhaps less difficult due to the rigidity offered by the Holomorphic Segre Preserving Mappings. However, the
infinite type case [11] in (1.5) offers interesting choices to impose normalizations in order to consider formal normal form type constructions.
Normalizations defined by Fischer Decompositions [14] are naturally and formally imposed. These normalizations are based on a preliminary
normalization of the 1-jets of Formal Holomorphic Segre Equivalences. Then the finite jet determination follows easily even in the infinite type
case[13] corresponding to our considered situation (1.5).
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2. Proof of Theorem 1.1
Let Z = (z,w) be the coordinates in C2. Let M,M ′ ⊂ C2 be the real-formal hypersurfaces[2] defined as follows
(2.1)


M : Imw = (Rew)m0 L (z, z) +
∑
m+n+p≥k0+1
ϕmnpz
mzn (Rew)p , with ϕmn0 = 0 if m0 6= 0, for m+ n ≥ k0 + 1,
M ′ : Imw′ =
(
Rew′
)m0 L(z′, z′)+ ∑
m+n+p≥k0+1
ϕ′mnpz
′mz′
n (
Rew′
)p
, with ϕ′mn0 = 0 if m0 6= 0, for m+ n ≥ k0 + 1.
In order to study the mappings considered in (1.2), we complexify (2.1). We have
(2.2)


M :
w − ν
2i
=
(
w + ν
2
)m0
L (z, ξ) +
∑
m+n+p≥k0+1
ϕmnpz
mξn
(
1
2
(w + ν)
)p
,
M′ :
w′ − ν′
2i
=
(
w′ + ν′
2
)m0
L
(
z′, ξ′
)
+
∑
m+n+p≥k0+1
ϕ′mnpz
′mξ′
n
(
1
2
(
w′ + ν′
))p
,
where z has been replaced with ξ, and respectively w has been replaced with ν.
In particular, it follows by (2.1) that w = Q (z, ξ, ν), where Q is formal in (z, ξ, ν). We can write thus by (2.1) as follows
(2.3) w = Q (z, ξ, ν) = ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν) ,
where Qk0 (z, ξ, ν) is an homogeneous polynomial in (z, ξ, ν) of degree k0 and Qk0+1 (z, ξ, ν) is composed by homogeneous polynomials in
(z, ξ, ν) of degree at least k0 + 1 defined by the formal expansion of Q (z, ξ, ν) in (2.3). Here k0 ∈ N⋆ is fixed.
In order to assume that the linear part of H is standard, we can eventually change linearly the coordinates because the considered Formal
Holomorphic Segre Preserving Mapping in (1.2) is invertible. The considered approach depends on methods learnt by the author [3],[4],[5] from
Zaitsev [15],[16]. Recalling the strategy from [3],[4],[5], we write as follows
(2.4) H(z,w) =

z + ∑
k+l≥2
fk,lz
kwl, w +
∑
k+l≥2
gk,lz
kwl

 , H˜ (ξ, ν) =

ξ + ∑
k+l≥2
f˜k,lξ
kνl, ν +
∑
k+l≥2
g˜k,lξ
kνl

 .
We obtain by (2.3) the following
ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν)− ν +
∑
k+l≥2
(
gk,lz
k
(
ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν)
)l
− g˜k,lx
kνl
)
2i
=

1
2

Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν) + 2ν +
∑
k+l≥2
(
gk,lz
k
(
ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν)
)l
+ g˜k,lξ
kνl
)


m0
L

z + ∑
k+l≥2
fk,lz
k
(
ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν)
)l
, ξ +
∑
k+l≥2
f˜k,lξ
kνl


+
∑
m+n+p≥k0+1
ϕ′mnp

z + ∑
k+l≥2
fk,lz
k
(
ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν)
)l


m
ξ + ∑
k+l≥2
f˜k,lξ
kνl


n

1
2

Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν) + 2ν +
∑
k+l≥2
(
gk,lz
k
(
ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν)
)l
+ g˜k,lξ
kνl
)


p
.
(2.5)
Before moving forward, we make the following remarks:
2.1. Remarks. Let’s have a look at the following sums of terms
(2.6) gk,lz
k
(
ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν)
)l
, g
k˜,l˜
zk˜
(
ν +Qk0 (z, ξ, ν) +Qk0+1 (z, ξ, ν)
)l˜
,
where N = k + l ≤ N˜ = k˜ + l˜, just in order to study when gk,l may interact in the same equation as gk˜,l˜ being multiplied with powers of ν.
Clearly, this fact does not happen when N < N˜ , being a simple exercise. Thus, it remains to study the case when N = N˜ , observing that the
formal expansion of Q (z, ξ, ν) may generate new terms. However, identifying the coefficient of νl uniquely determine gk,l, regardless that in
the same equation may appear also g
k˜,l˜
when we have 0 < k − k˜ = l˜ − l. These facts lead to simple systems of equations depending also on
terms taken from the formal expansion of Q (z, ξ, ν). These higher order terms are difficult to be controlled, but their contributions are easily
tracked in the local defining equation. More precisely, the coefficient of g0,N may appear in the same equation as g4,N−4, but inversely it does
not happen. Therefore, we deal with a simple system of equations which define certain normalizations conditions based on the vanishing of the
coefficients of powers of ν, but it is not clear if these normalizations are the best in our situation. This fact may be studied by observing the
interaction of the formal mapping in the local defining equation. Therefore, it seems tempting to believe that the following model
(2.7) w = ν +Qk0 (z, ξ, ν) ,
would be more suitable in order to impose further better normalization conditions, but the right hand side of this model is not an homogeneous
polynomial. We have thus to consider models defined by homogeneous polynomials in order to impose better normalizations derived from
Fischer decompositions[14].
We firstly compute Qk0 (z, ξ, ν) by extracting homogeneous terms in (2.2). We obtain
(2.8) Qk0 (z, ξ, ν) = ν +
νm0
2m0−1
L (z, ξ) .
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We have to study better (2.6). The further normalizations are dictated by how the Formal Segre Equivalence interacts in the transforming
equation (2.5). More precisely, we study the terms of the coefficients in (z, ξ) of powers of ν in (2.6). Clearly, gk,l appears as coefficient of the
following terms
(2.9)
νm0+l−1zkL (z, ξ)
2m0−1
,
ν2m0+l−2zk (L (z, ξ))2
22m0−2
, . . . ,
νlm0zk (L (z, ξ))l
2l(m0−1)
.
Thus, it remains to study how g
k˜,l˜
appears together with gk,l in the same equations generated by the coefficients of the terms from (2.9), where
λ ∈ 1, . . . , l and N = k + l− λ+ λk0 ≤ N˜ = k˜ + l˜− λ+ λk0. Clearly, this fact does not happen when N < N˜ .
Assume m0 = 0 in the transforming equation (2.5). It follows easily gk˜,l˜ and gk,l may appear in equations generated by all the terms from
(2.9) according to the arguing preceding (2.7), excepting the last term which can not be involved in such arguing. Therefore, the last term from
(2.9) looks to be more convenient in order to consider normalizations in the transforming equation (2.5) as we shall observe. This role may
be taken also by the first term in (2.9), which perhaps would be more suitable in order to find the best imposing normalizations in this case.
However, the last term allows us to construct the analogue of the normal form of Kola`rˇ[9] in this case.
Assume m0 6= 0 in the transforming equation (2.5). We recall the arguing preceding (2.7). We can thus select the first term from (2.9)
in order to consider normalizations derived from Fischer decompositions[14] in the transforming equation (2.5) regardless that any other term
from (2.9) may be useful as we shall observe during further computations.
We recall from Shapiro[14] the following:
2.2. Fischer Decompositions[14]. Any formal (holomorphic) power series F (z, ξ, ν) can be uniquely decomposed, with respect to a
homogeneous polynomial P (z, ξ, ν), as follows
(2.10) F (z, ξ, ν) = G (z, ξ, ν)P (z, ξ, ν) +H (z, ξ, ν) , where P ⋆ (H (z, ξ, ν)) = 0.
Here G (z, ξ, ν) and H (z, ξ, ν) are just formal power series in (z, ξ, ν) and
P ⋆ =
∑
m+n+p=α
pm,n,p
∂α
∂zm∂ξn∂νp
, if P (z, ξ, ν) =
∑
m+n+p=α
pm,n,pz
mξnνp, where α ∈ N⋆.
These Fischer decompositions eliminate the obstacles generated by complicated interactions of the terms of the considered mapping (1.2) in
the identity (2.5). Then H is determined from (2.5) by imposing normalizations as follows.
2.3. Computing the Formal Holomorphic Segre Equivalence (2.4) when m0 = 0: From (2.5), we obtain that
(2.11)


∑
m+n=N
(
ϕ′mn0 − ϕ˜mn0
)
zmξn =
∑
k+k0l=N−k0+1
Lz (z, ξ) fk,lz
k (L (z, ξ))l −
∑
k+k0l=N
gk,lz
k (L (z, ξ))l ,
∑
m+n+l=N
0≤m≤k0−1
(
ϕ′mnl − ϕ˜mnl
)
zmξnνl =
∑
l˜+k˜=N−k0+1
Lξ (z, ξ) f˜k˜,l˜ξ
k˜ν l˜,
ϕ′N00z
N − ϕ˜N00z
N = gN,0z
N , ϕ′0npξ
nνp − ϕ˜0npξ
nνp = g˜n,pξ
nνp, for all n, p ∈ N with N = n+ p,
where {ϕ˜mnp}m+n+p=N are terms generated by mapping homogeneous terms (2.4) existent at lower degree levels in (2.5).
It is clear by (2.5) that the following terms
(2.12)
(
g˜
k˜,l˜
(ξ)
)
k˜+l˜<N
,
(
f˜
k˜,l˜
(ξ)
)
k˜+l˜<N−k0+1
,
(
gk,l(z)
)
k+k0l<N
,
(
fk+1,l−1(z)
)
k+k0l<N−k0+1
,
may contribute at the level N in the formal expansion (2.5), but we can assume that these terms are already determined using an induction
procedure similarly as in [3],[4],[5],[15],[16].
Moreover, it may happen that polynomials as the following
(2.13)
(
gk,l(z)
)
k+k0l≥N+1
,
(
fk,l(z)
)
k+k0l≥N+1
,
to appear at same level coming from higher level being multiplied with powers of ν. However, these terms (2.12) do not affect the further induction
procedure or the further imposed normalizations. Moreover, we obtain that (2.4) is uniquely determined at the level N , but depending on the
terms (2.12), by the following normalizations
(2.14)


ϕ′k00 = 0, ϕ
′
0np = 0, for all n, p, k ∈ N with N = k = n+ p,
(
Lξ (z, ξ) ξ
k˜
)⋆


∑
m+n+p=N
0≤m≤k0−1
ϕ′mnpz
mξnνp

 = 0, if k˜ + l = N − k0 + 1,
∑
m+n=N
n+m=k+lk0, m≥n
ϕ′mn0z
mξn = Amnl (z, ξ) (L (z, ξ))
l−1 +Bmnl (z, ξ) , where
(
Ll−1
)⋆
(Bmnl (z, ξ)) = 0,
such that
(2.15) Amnl (z, ξ) = A˜mnl (z, ξ)L (z, ξ) + B˜mnl (z, ξ) , where L
⋆
(
B˜mnl (z, ξ)
)
= 0, if N > k0l+ k0 − 1,
having satisfied the following
(2.16)


(
zN−k0l
)⋆ (
A˜mnl (z, ξ)
)
= 0, where L⋆1
(
A˜mnl (z, ξ)
)
= 0, if N > k0l + k0 − 1,(
zk0−1
)⋆
(Amnl (z, ξ)) = 0, where L
⋆
z (Amnl (z, ξ)) = 0, if N = k0l+ k0 − 1.
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Here the polynomial L1 (z, ξ) is defined by the following Fischer decomposition
(2.17) zLz (z, ξ) = αL (z, ξ) + L1 (z, ξ) , where α ∈ C and L⋆ (L1 (z, ξ)) = 0.
Then (2.16) is well defined since
L1 (z, ξ) 6≡ 0,
that is obvious, because k0 ≥ 3.
Summarizing these computations from (2.11) and making induction with respect to N ≥ k0 + 1, we obtain the following remark, which
may be considered as a formal normal form type construction.
Proposition 2.1. Let M be defined by (2.2). Then there exists an unique formal mapping defined as in (2.4) which sends M to M′
defined as in (2.2) and normalized as in (2.14) and (2.16).
Generally, a formal normal form[9] can be divergent as Kola`rˇ[10] showed. It is not clear anything about the divergence of this formal
normal form type construction regardless that it is considered case analogous to the finite type case[9].
Now, we move forward in order to study the next situation which occurs. We analyse (2.5) as previously in order to see how the terms of
the Formal Holomorphic Segre Equivalence interacts with other terms of the local defining equation when m0 6= 0.
2.4. Computing the Formal Holomorphic Segre Equivalence (2.4) when m0 6= 0: From (2.5), we obtain
(2.18)


∑
m+n+p=N
(
ϕ′mnp − ϕ˜mnp
)
zmξnνp =
∑
k+m0+l=N−k0+2
Lz (z, ξ) fk,lν
lzk −
∑
k+m0+l=N−k0+1
l
gk,lν
m0+l−1zkL (z, ξ)
2m0−1
,
∑
m+n+p=N
0≤m≤k0−1
(
ϕ′mnl − ϕ˜mnl
)
zmξnνp =
∑
l˜+k˜=N−k0+1
Lξ (z, ξ) f˜k˜,l˜ξ
k˜ν l˜,
ϕ′N00z
N − ϕ˜N00z
N = gN,0z
N , ϕ′0npξ
nνp − ϕ˜0npξ
nνp = g˜n,pξ
nνp, for all n, p ∈ N with N = n+ p.
It is clear by (2.5) that the following terms
(2.19)
(
g˜
k˜,l˜
(ξ)
)
k˜+l˜<N
,
(
f˜
k˜,l˜
(ξ)
)
k˜+l˜<N−k0+1
,
(
gk,l(z)
)
k+m0+l<N−k0+1
,
(
fk,l(z)
)
k+m0+l<N−2k0+2
,
may contribute at the level N in the formal expansion (2.5), but we can assume that these terms are already determined using an induction
procedure as previously. We compute then easily the mapping (2.4) by identifying the coefficients of terms in (2.18). Summarizing (2.10), (2.18)
and (2.19), we obtain that (2.4) is uniquely determined at the level N depending on (2.19) by the following normalizations
(2.20)


ϕ′k00 = 0, ϕ
′
0np = 0, for all n, p, k ∈ N with N = k = n+ p,
(
Lξ (z, ξ) ξ
k˜
)⋆


∑
m+n+l=N
0≤m≤k0−1
ϕ′mnlz
mξnνl

 = 0, if k˜ + l = N − k0 + 1,
∑
m+n+p=N
0≤n≤k0−1
ϕ′mnpz
mξnνp = Amnl (z, ξ)L (z, ξ) +Bmnl (z, ξ, ν) , where L
⋆ (Bmnl (z, ξ, ν)) = 0,
having by (2.17) satisfied following
(2.21)


(
zN−2k0
)⋆
(Amnl (z, ξ)) = 0, where L
⋆
1 (Amnl (z, ξ)) = 0, if m > 0,(
zk0−1
)⋆
(Amnl (z, ξ)) = 0, where L
⋆
z (Amnl (z, ξ)) = 0, if m = 0.
Summarizing these computations from (2.18) and making induction with respect to N ≥ k0 + 1, we obtain the following formal normal
form type construction.
Proposition 2.2. Let M be defined by (2.2). Then there exists an unique formal mapping defined as in (2.4) which sends M to M′
defined as in (2.2) and normalized as in (2.20) and (2.21).
These normalizations (2.20) and (2.21) have been selected being a random choice. Actually, there are many other normalizations that may
be considered leading to the same finite jet determination conclusion explained as follows.
2.5. Proof of Theorem 1.1. The determination by 1-jets is concluded using the following diagram
(2.22)
H1, H2 :M → M
m m
H1, H2 : M˜ → M˜
,
where M˜ is defined by the formal normalization of M.
The justification is standard, being based on the fact that any two Formal Holomorphic Segre Equivalences with the same 1-jets are actually
identical because of the uniqueness of the Formal Holomorphic Segre Equivalence sending M into the formal normal form type construction
denoted with M˜.
3. Remarks
It is obvious that we have considered a special class of finite type real-formal hypersurfaces in (1.5). More generally, we can deal in C2
with the following local defining equation
(3.1) Imw = (Rew) zz + z2z2 + higher order terms.
Clearly, the same finite jet determination phenomenon appears again even in this situation.
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